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A MISSION TO REMOVE MATHS PHOBIA FROM DELICATE MINDS
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CLASS 12 MATHEMATICS

CHAPTER 04 : DETERMINANTS

DETERMINANT

To every square matrix A = [ai j] of order n, we associate a number (real or complex)
called determinant of the square matrix A.

It is denoted by |A| or det A or A.

REMARKS
IfA = [Z Z] ,then determinant of A is written as |A| = |‘Z

For a matrix A, |A| is read as determinant of A and not modulus of A.

Only square matrices have determinants

RULES TO FIND THE DETERMINANT OF A MATRIX
Determinant of a Square Matrix of Order One
Let A = [a ] be a square matrix of order 1,then |A| = |a| = a

Example

LetA = [—V2] then|A| = |-V2| = -

Determinant of a Square Matrix of Order Two

a11
LetA = [ ] be a square matrix of order 2, then
Az1 Q22
a1 A2
|A|=| |:a X Qyy — Ay X A
Ay Qo 11 X Q22 21 X Q12
Example

LetA = LZL _53],then|A| = |42L

Determinant of a Square Matrix of Order Three

_53|=2><5—4><(—3)=10+12=22

a1 Q12 Qg3
a1 Az Qpj
asz; dzp dz3

LetA = be a square matrix of order 3, then |A| can be obtained
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by expanding it along any of the three rows R4, R, R; or along any of the three

columns C4, C;, C;5 in the following way:

a1 Q12 Qg3
a1 Az Qpj
asz; Az Qszs

Expanding the determinant along R;we get |A| =

|A] = [(—1)*1a,,; x(det. obtained by deleting the row and column containing a;4)]
+[(—=1)**2qa,, x(det. obtained by deleting the row and column containing a;,)]

+[(—=1)**3a,; x(det. obtained by deleting the row and column containing a,3)]

= (-1)'*1q |a22 a23|+(—1)1+2a |5121 a23|+(—1)1+3a |a21 a22|
Hlaz, asz 12]laz; as;3 Blas;, as;

= ay1(az;. a3z — A32.a33) — 12(Az1.A33 — A31.A23) + A13(Az1. A3 — A31.037)

Example
2 -4 3 2 -1 3

LetA =14 1 -3|,then|A|=|4 1 -3| andexpanding italongR; we get,
2 5 6 2 5 6

__yi+1 o |1 =3 iz o |E 3 _vi+3 2|41
IA] = (=1) .z|5 6|+( 1)1+, ( 4)|2 6|+( 1) .3|2 :
—2(64+15)+4(24+6) +3(20—2) =2x 21 +4X 30+ 3 x 18 = 42 + 72 + 54

= 168
REMARKS

(i)  The value of |A| can be obtained by expanding it along any row or column.

(ii)  For easier calculations, we expand the determinant along that row or column which
contains maximum number of zeros

(iii)  While expanding a determinant, instead of multiplying a;; by (—1)* */, we can multiply
a;j by (+1) or (—1) according as (i +j) iseven or odd. Thus to find the value of
determinant of order 3 the elements circled in the following determinant are

multiplied by (—1) : ay, @ a3
© &

a3y LS

(iv) |kA| = k™|A|, where n is the order of |A|.
(v) |I,] = 1 where I, is an identity matrix of order n

(vi) LetAbe adiagonal matrix OR an upper triangular matrix OR a lower triangular
matrix, then |A| = (product of the diagonal elements of A)

Example 1
—2 0 0 -2 0 0
LetA =0 3 O, then|Al=[0 3 0[=(-2)(3)(6) =-36
[0 0 6 0 0 6
Example 2
—4 2 =3 -4 2 =3
LetB=|0 -2 1/|,then|B|=|0 -2 1|=((-4)(-2)(5) =140
L 0 0 5 0 o0 5

@ ganitalay.com : YouTH ganitalay

Page 2 of 9


http://ganitalay.com
mailto:ganitalay.mritunjya@gmail.com
http://www.youtube.com/@ganitalay4872

3. AREAOF ATRIANGLE

The area of a triangle whose vertices are A(x; ,y;), B(x2,y,) and C(x3 ,y3), is given

as
1 X1 Y1 1
A= 5 [X1(V2 —¥3) + x2(y3 —y1) + x3(y1 —¥2)] = > X, Y2 1.
X3 ys3 1

REMARKS

(i)  Since area is a positive quantity, we always take the absolute value of the above
determinant.

(Note that the actual value of A comes out to be negative if the points A, B, C are taken
in clockwise direction)

(ii) Ifareais given, say k units, we use, both positive and negative values of the

1[*2 N1 1
determinant for calculation. That is, we take > X, Yy, 1| =+k
x3 y3 1

x1 y1 1
X2 Y2 1
x3 y3 1
(iv) The equation of the line passing through the points A(x; ,y,) and B(x,,y,) is given
as [(Using the fact that if P(x,y) is a points on the line AB then the points A, Band C are

(iii) The three points A, B, C are colllinear < Area of the AABC is zero < =0.

collinear]|
x y 1 . . .
X1 Y1 1f = (x1,y1)A P(x, y) B(x5.,y,)
X Y2 1

4. MINOR(M;;)AND COFACTOR (A;;) OF AN ELEMENT a;; OF A DETERMINANS
(i) MINOR(M;y)
For a given determinat |A[, the Minor, M;; of an element q;; is the determinant
obtained by deleting i*" row and j** column of |A].
(i) COFACTOR (Ay)
Cofactor of the element a;; of a determinant |A| is defined as
A = (-1 M;; , where M;; is the minor of the element a;;.
REMARKS
(i)  Minor (or Cofactor) of an element of a determinant of order n > 2 is a determinant of
order (n — 1).
- D+ (M M, if (i + j)is even
(1) Ay = D™ (My) = —M;;, if (i + )is odd
(iii)  |A| = Sum of the product of the elements of any row (or column) with their
corresponding cofactors.
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Thus, |A| = aq1.411 + a412. 412 + a43443 (Expanding along R,)
Also, |A| = azq.A21 + ay5. A4, + ay34,3 (Expanding along C,) and so on.

Example
3 =2 6
Let, |[A] = |- 2 =3
4 5 7

Expanding along R; we get, |A| = 3 |§ —73| —(=2) |—44 —73| 46 |—44

=3%X294+2x%x(-16)+6x(—28) =87 —-32—-168 = -113
Expanding along C, we get,

(. o4 -3 3
A==, Tl 5l

=2X(-16)+2x%x(-3)-5%x15=-32—-6—-75=—-113

We see that the value of |A| is independent of the choice of the row or column
along which |A] is expanded.

REMARK

6|_5|3

If elements of a row (or column) are multiplied with the cofactors of any other row (or
column), then their sum is zero.

ThuS, all.A21 + a12.A22 + a13A23 =0
(Sum of the product of the elements of R;and corresponding cofactors of R,)
Similarly, a21.A31 + a12.A32 + a23A33 = 0

(Sum of the product of the elements of C,and corresponding cofactors of C3.)

5. ADJOINT OF A MATRIX ( adj A)

LetA = [ai ] be a square matrix, then the adjoint of A denoted as
Hnxn

adj A = Transpose of the Cofactor Matrix of A = [Aij] ’n wn = [Aﬁ]n “n

Ay A Azl A Ay Ay
= adj A= A1 Az Axz| =|Ap Ax Az
Az Azp Asg Az Az Az
Examples
. _[-2 -5 . B3 -1
(i) Let,A = [ { 3 ] = Cofactor matrix of A = [5 _y
.3 =11 _r13 5
sadja=[; ) _[_1 _2]
3 -2 3 -1 -8 -10
(ii)LetB=|2 1 —1|= Cofactor matrix of A = —5 —6 1
4 -3 2 7

=>adj A=

-1 -8 -10 —5 —1
-5 —6 1
-1 7 10
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TRICK to find the Adjoint of a Square Matrix of Order 2

@@ Gz2 —ag2
‘ I —dz1 4 ‘
Change Sign  Interchange

REMARKS
(i) |AB| = |AlIB|
(i) |A™ = |A"

(iii) A(adjA) = (adjA)A = |A|l
Thus, for a square matrix A of order 3,

adj A =

Al 0 0
A(adjA) = (adjA)A =|All; =| 0 |Al 0
0 0 |[A

(iv) From remark (iii) we get |adj A| = |A|"*"1

6. SINGULAR AND NON-SINGULAR MATRICES
(i) SINGULAR MATRICES
A square matrix A is said to be singular if |[A] = 0

Example

LetA = [—36 _21] ,then |A| = 0, hence A is a singular matrix.

(ii) NON-SINGULAR MATRICES

A square matrix A is said to be non-singular if |A| # 0

Example
LetB = ‘:i ;] ,then |B| = 2 #, hence B is a non — singular matrix.
REMARKS

(i) IfAand B are non — singular matrices of the same order, then AB and BA are also
non — singular matrices of the same order

(ii)  Ais non-singular matrix < A square matrix A is invertible & A™! exists
1

(iii) (Inverse of a Non-singular Square Matrix A) = A~ = e (adj A)

(iv)  For two square matrices of order n each,
1 1

AB=klo A™l= (—)XB@B_l =<—>xA

k k

(v) a7 =]A!

(vi) (AT =@

(vii) (AB)"! =B 1Al (Reversal Law)
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7. CONSISTENT AND INCONSISTENT SYSTEM OF EQUATIONS
(i) Consistent System of Equations: A system of equations is said to be consistent if its

solution (one or more) exists. A consistent system of equations has either a
unique solution or an infinite number of solutions.

(i) Inconsistent System of Equations: A system of equations is said to be inconsistent

if its solution does not exist

8. SOLUTION OF SYSTEM OF LINEAR EQUATIONS USING INVERSE OF A MATRIX
Consider the system of equations
a1 x+byy+c=d;
ax + b,y +c, =d,
azx + b3y + c3 = dj

LetA =

a, by ¢ X
a, b, Cz],x = [3’] =
C3 z

as bs

dy
dp
ds

Then, the system of equations can be written as, AX = B, i.e,,

a, by ci1x d,
laz b, ¢ [3’] = dz]
as by c3llz ds;
CASEI:
If A is non-singular then its inverse exists. The system has a unique solution given by
X=A"1B
Casell:

If A is a singular matrix, then |A| = 0 and A~ does not exist. In this case, we calculate
(adj A) B.

(i) If (adj A) B #0, then the system of equations is inconsistent.

(ii) If (adj A) B = O, then system may be either consistent or inconsistent according

as the system has either infinitely many solutions or no solution.

9. SOLUTION OF SYSTEM OF LINEAR EQUATIONS HAVING UNIQUE SOLUTION
USING INVERSE OF A MATRIX

Example

Solve the following system of equations using matrix method :
xX+y+z =6; x+2z =7, 3x+y+z=12

STEPS OF SOLUTION

Step I: The given system of equations can be written in matrix form as

1 1 1 X 6
AX = BwhereA =|1 0 2|, X=lylandB= [7] (D
31 1 z 12
Step II: Now, |4 = 1(0-2)—(1—-6)+1(1-0) =40
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= Ais non-singular = A~ lexists. .. from (1)

X=A"1B (2)
Step III: Now, cofactor of the elements of matrix A are
A =(0-2)=-2 A,=—(1-6)=5 A;=—(1-3)=2
A,y=—0-1)=0 A,,=(010-3)=-3 A,y =—(18-18)=0

Ay =(2-0)=2 Ay =-(2-1D=-1 Azz=(0-1)=-1
. adja _1[=2 0 2
Hence,A™" = ] =2 5 -3 -1
2 0o -

Step IV: Hence, from (2)

1[-2 0 27761 1[12] |3

-1
w-aon=gls = |7 |3l -]
2 o -1l gl Iz

Sx=3y=12z=2

VERY IMPORTANT REMARK

adviced to take care of the following preacautions:

Above type is a ‘Sure Shot’ question for Board Exam. But unfortunately many
students lose marks in this by making one or the other mistake. So students are

(i)  [While calculating the cofactors, A1,, A1, Ay3 and Az, put * — “sign in the beginning

only as many students miss one or the other '-' sign.

(ii) |Write the cofactors in the format given in the solution as it helps in writing A1
conveniently.

—2/&4 0  2/4

(iii) (Do not write A las [ 5/4 -3/4 —1/4] by taking 1/4 inside the matrix as it
2/4 0 —1/4

makes the solution complicated.

CARELESS MISTAKE

314[-2 0 2
Mistake:X =BA™' = |12/ 5 -3 -1
212 o

. -2 0 2 6

Correction: X= X=A"'B=|5 -3 —1ff7
2 0 — 1112

(As matrix multiplication is non-commutative, A"'B # BA™1)

MOST IMPORTANT QUESTIONS BASED ON FINDING SOLUTIONS OF A SYSTEM OF

@ ganitalay.com «h@/} You[H ganitalay

Page 7 of 9


http://ganitalay.com
mailto:ganitalay.mritunjya@gmail.com
http://www.youtube.com/@ganitalay4872

LINEAR EQUATIONS

QUESTION 1
1 -1 1

IfFA=(2 1 =3],find A~! and hence solve the following system of linear
1 1 1

Equations: x+2y+z=4;, - x+y+z=0,x—-3y+z=2
Hint : Here, Coefficient matrix=A" . X = (A') "B = (A™1)'B.

1[4 2 2
Ans. A”l=—|-5 0 5|;x =9/5y =2/5 z=17/5
10
1 -2 3
QUESTION 2
-4 4 4 1 -1 1
Find the product of A= -7 1 3 |andB=|1 -2 —2|andhence solve the
5 -3 -1 2 1 3

system of linear equations:x —y+2z =4; x— 2y —2z=9; 2x+ y+ 3z=1

1
Hint for Solution : Here, Coefficient matrix = B and AB = 813 = <—A> B=1I3

8
_ , _ A adj B
= B™! = A.Here, no need to find B"'by B~ = B
1 0 O
Ans.AB =8 |0 1 O|; x=3,y=-2,z=-1
0 0 1

QUESTION 3

Solve the following system of equations by matrix method:

2 3 10 4 6 5 6 9 20
—+-+5=4 -+ -=1 —-4-——=
X y z X y z Xy z
1/x
Hint for Solution : Here,take X = |1/y| so that X = A7'B
1/z
75 150 75 7[4] [1/x] [1/2
:TOO 110 -100 30 ||1|=|1/y|=|1/3|.Hence,x =2,y =3,z=5
72 0 —24112 1/z 1/5
QUESTION 4

1 -1 27[-2 0 1
Use product [0 2 —3‘ [ 9 2 —3‘ to solve the following system of equations
3 =2 4 6 1 -2

3x —2y+4z=2; 2y —3z=1, x—y+2z=1

@ ganitalay.com : You[) ganitalay

Page 8 of 9


http://ganitalay.com
mailto:ganitalay.mritunjya@gmail.com
http://www.youtube.com/@ganitalay4872

OR

1 -1 2
IfA= |0 2 —3]|,find A" and hence solve the following system of linear
3 =2 4

Equations: 3x — 2y + 4z = 2; 2y — 3z =1, x —y + 2z =1

Hint for Solution : Here, note that the ordere of the equations in the given system has tro be
changed in the following way so that the first matrix becomes the Coefficient Matrix for the
system:

GivenOrder:3x — 2y + 4z = 2; 2y — 3z =1, x —y + 2z =1
Changed Order: x — y + 2z = 1; 2y — 3z =1, 3x — 2y + 4z = 2
Now proceed as in Example 2. Ans.x = 0,y = 5,z = 3
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