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PRINCIPAL VALUE BRANCH OF TRIGONOMETRIC FUNCTIONS

The restricted domain of a trigonometric function, lying in the interval [ —m, 1], in which
the trigonometric function is bijective (i.e. one - one and onto) is called the Principal Value Branch of

that trigonometric function.

INVERSE TRIGONOMETRIC FUNCTIONS

The inverse trigonometric function £(x) = sin~1x is defined as:
f(x) =sin"lx = 6

where 0 is the angle lying in the Principal Value Branch such thatsin 8 =
The other inverse trigonometric function cos™'x, tan™'x,,cot™ x,sec™1x and
cosec”1x are defined in a similar way.

REMARKS

1
sin~! x should not be confused with (sin x)™*.In fact (sin x)™! = . and similarly for

other trigonometric functions.

Whenever no branch of an inverse trigonometric functions is mentioned, we mean the
principal value branch of that function.

The value of an inverse trigonometric functions which lies in the range of principal branch is
called the principal value of that inverse trigonometric functions
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2.2

TRIGONOMETRIC RATIOS OF SOME SPECIFIC ANGLES

Angle in Degrees (A) —
: - : 0° 30° 45° 60° 90°
Trigonometric Ratios |
o 1 1 V3
i sin A 0 - — — 1
() 5 N >
. \3 1 1
ii cos A 1 — — - 0
(ii) > 7 >
1 Not
A S 1
(iii) | tan 0 V3 V3 defined
Not 1
i A 1 —
(iv) | cot defined V3 V3 0
v) A 1 2 V2 2 Not defined
V) | sec — ot define
V3
Not 2
i A 2 — 1
(vi) | cosec defined V2 73
2.3 DOMAIN AND RANGE OF INVERSE TRIGONOMETRIC FUNCTIONS
Function
Domain (x) Principal Value Branch/Range (y)
[y = f(x)]
(i) |sin"lx [-1,1] [—z z
: 2'2
(ii) [cos™1x [-1,1] [0,7]
. _ _rr
(iii) |tan™'x Ror ( —oo, ) ( > 2)
(iv) |cot™tx R or ( —o0, ) (0,m)
-1 " o0, ! (- _[r T i
(v) |[sec™'x (—00,—1]U[1,0)0orR - (—-1,1) [0,m] {2} or [O, 2) U (z,n]
(vi) |cosec™lx (—o0,—-1]U[1,0)0orR—(—1,1) Iz — {0} or [—E O)U (0 r
) ) ) 2 ) 2 2 ) ) 2
2.4 GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS
Y
M
v
Yi‘
y= sin”x y=cos" x y=tan'x
(i) (ii) (iii)
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‘JF -I
y=eot x

(iv)

REMARK

The graphs of inverse trigonometric functions are the mirror images of the respective

trigonometric functions w.r.t. the line y = x.

3.1 Ifxlies in the respective domain, then
sin(sin"?x) = x; cos(cos™'x) = x and so on.
3.2 Ifxliesin the Principal Value Branch, then
sin~!(sinx) = x; cos !(cosx) = x and so on.
EXAMPLES
(i) sin7?t [sin <16—ﬂ>] = sin~! [sin (51‘[ + E)] = sin~?! [— sin (E)] = —sin™?! [sin (E)] =_Z
3 3 3 3 3
(ii) sin™ [sm (19ﬂ)] = sin~! [sin (51‘[ - E)] = sin~?! [sin (E)] I
4 4 4 4
REMARKS
(i) sin"!(cosx) = sin™? [sin (— - x)] r_
2
n
1 — - —_ —
(ii) tan~'(cotx) = tan™ [tan( x)] >
. -1 _ -1 E _ — E —
(iii) sec™'(cosecx) = sec [sec (2 x)] =5 X
Similary we can simplify cos1(sin x), cot !(tan x) and cosec™!(secx)
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3.3(i) sin(cos™ x) = sin (sin™ {1 —x2 ) = {1 — x2

TRICK:

Let,0 = cos ' x = cos™?! G)

Since cos 6 = i consider a right AXYZ whose Base is x and Hypotenuse is 1.

Then by Pythagoras theorem, Perpendicular, P = v1 — x2 .

1—x2
Hence, 8 = sin™?! —] = sin"14/1 — x2

X X
ii) sin(tan™!x) = sin (sin‘1 ) =

W i) e
V1 + x2 V1 + x?

(iii) sin(cot™'x) = sin (sin‘1 ) =—
x2—1 x2—1

(iv) sin(sec'x) = sin <sin‘1 > =—

1

1
(v) sin(cosec™!x) = sin (sin‘1 ;) =
Similar results hold for other trigonometric functions.
VERY IMPORTANT:

For convenience, while writing angle in the form (nm + 0), we choose the sign + or
— in such a way that the angle 6 becomes acute angle.

) _(lém _ i1 2T
Consequently, in example (i), (T) has been written as (511 + §) and not as (611 — ?>

) (19T ) B8 3T
whereas in example (ii), (T) has been written as (51‘[ — Z) and not as (411 + T)

4(i) sin™? (%) = cosec” x, x > 1lorx < —1
(ii) cos™! <%) = sec lx, x> 1lorx < —1
(iii) tan™! (%) =cot™lx, x>0
(iv) cot™! (%) = tan"lx, x>0
(v) sec™? (%) = cos™1x, lx] <1
(vi) cosec™? (%) = sin"1x, x| <1
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5(i) sin"!(—x) = —sin~1x, x € [-1,1]

1x, x € [-1,1]

(ii) cos™1(—x) =m— cos™

(iii) tan~!(—x) = —cot™lx, x € R

(iv) cot™'(—x) = m— cos™1x, x € R

(v) sec™l(—x) =m—sin"lx, x| =1

(vi) cosec™(—x) = —cosec™lx, |x| =1
REMARK

The inverse trigonometric functions like cos™!x whose Principal Value Branches
are associated with the interval (0, ) have formulae of the type (1t — cos™1x) .

i
6(i) sin"lx + cos7lx = > x € [—1,1]
T
(ii) tan"!x + cot™lx = > x €ER
T
(iii)  sec™'x + cosec™lx = > x| =1

7. TIPS FOR WRITING THE EXPRESSIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS
IN SIMPLE FORM
7.1  Expression Substitution Expression Substitution

(i) [1 — x2 x =sin® or cosB (iv) [a2 — x2 x=asin® or acos®
(ii) J1+x2 ~x=tan8 or cotd v) [a2+x2 X=atan® or acotH

(iii) x2 —1 X = secO or cosec© (vi) /xz — a2 x =asecB or acosecHd
. X X X X X X\ 2
7.2(1) 1 + 2sinx.= sin25+ sinzzi 2 sinz cos > = (sinzi cosz)
o T T . T
cosx —sinxifx € (—,—) as (cosx —sinx) > 0 for x € (O,—)
.. — - _ 4’2 4
(ii) V1 -— 2sin2x = It T
sinx —cosxifx € (O'Z) as(sinx —cosx) > 0 for x € (Z'E)

n—
tal’lz + tan x

cosx + sinx 1$tanx(b dividing N"and Db ) (using ¢ T D
= ividin, an cosx) = using tan— =
(i) Cosxtsinx Ittanx g Y 1+ tan%tanx g 4
= tan (E + x) [Usin the formula tan(x + y) = tanx ttany
4 5 =Y T T T tanx tany
COS x cos? % — sin? %

= ' = cos?x —sin?x &sin?x + cos?x = 1]
(i) T¥smx Y X ~ [Using cos 2x = cos® x — sin“ x &sin“x
L cos“7 + sin E-I_-Zsm 5:C0S>
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(cos% — sin %) (cos 5 + sin 926)
= [Using a*> — b? = (a + b)(a — b) & a? + b? + 2ab = (a + b)?]

(cos ) =+ sin )26)2

X — . X
COS§+SII’1—

= % [cancelling common terms from N"and D"]
cos> + sin 7

Proceeding as in (ii) we get

_ X m_— X
1+ tani B tanZ+ tanj

= tan GT-;)

X~ X
1ita1n2 1+tz;1n4 tan2

THE FOLLOWING PROPERTIES ARE NOT IN C.B.S.E. SYLLABUS CLASS 12 SYLLABUS

1 1
8.1(i) 2sin"lx =sin"}(xy1—-x2); ——=<x<—
VARG
(ii) 2coslx=cos™1(2x2-1); 0<x<1
2x
(iii) 2tan"'x = tan™! (1_ ); x| <1
. 3 3 2x
(iv) 2tan 1x:sm1 1 2 polxl <1

(v) 2tan"x = cos”

D) 720

sin"(xy/1 = y2 + yV1 —x2);ifx,y € [-1,1] and x* + y* < 1
N or xy<Oandx?+y2>1
8.2(i) sin"'x +sin~y = —sinY(x/1 — y2 + yv1 —x2);ifx,y € (0,1] and x? + y% > 1

—n —sin"Y(x/1 —y2 + yvV1 —x2);ifx,y € [-1,0) and x2 + y? > 1

in! (x\/l —y2 —yy/1 —xz);ifx,y €[-11]andx? +y? <1
- L or xy > 0andx? +y? > 1
(i) sin"x—sinTy = T — sin-1 (x [1—y2 —y1 —xz);ifx € (0,1],ye[-1,0)0andx? +y%2 > 1

—n —sin™?! (x\/l —y2 —y1- xz);x € [-1,0),y € (0,1]and x?2 +y%2 > 1

os™1 (xy—\/l—yz\/l—xz); if x,ye[-11]andx+y =0

21— cos™! (xy—wll—ylel—xz); if x,ye[-11]landx+y <0

(iii) cos™'x +cos7ly =

os‘l(xy+\/1—y2\/1—x2); if x,ye[-1,1]andx <y

—cos‘l(xy+,/1 y2/1 —x);lfxe [-1,0),y € (0,1]and x >y

(iv) cos™lx —cos7ly =
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(v) tan"lx +tan"ly =4

(vi) tan~lx —tan~ly =<

( x +
tan~1! ( 4

1-—

nm+ tan~! (

1 X+
k—rt+tan (

( X
tan~! ( Y

1+
n+tan_1(

_1 x
L_T[ + tan

s if 1
xy)' ifxy <

x+y .
ﬁ>; ifx>0,y>0andxy > 1

)’) .
s if 1
1=xy ; ifx<0,y<Oandxy >

; if > —1
xy) if xy

1+xj;>; ifx>0,y < 0andxy < —1

)’) .
s if -1
T+xy ; ifx <0,y > 0andxy <

@ ganitalay.com

£

Yo} ganitalay

Page 7 of 7


http://ganitalay.com
mailto:ganitalay.mritunjya@gmail.com
http://www.youtube.com/@ganitalay4872

